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Resumen

En esta nota se presenta a manera demes, algunas de las actividades realizadas por mi
persona y resultados principales relacionados con lisubos (en ingds) presentados para
ascender en el escatarf de la Universidad de Carabobo a la categde Profesor Asociado.
En primera instancia se mencionan las relacionadas carealde investigaon en Metodos
Mimeéticos y luego en ehrea de Elementos FinitosiMmos Cuadrados. La mayarde las
fechas mencionadas son aproximadas, y para efectos de corbpataééchas con mi anterior
ascenso se tom@aen cuenta que la presentatirelacionada con el mismoéien febrero de
2002.

1 Metodos Mimeticos

1.1 Actividades Realizadas

A finales de Noviembre de 2001 el Profesor édSastillo realib una charla en la
Universidad Central de Venezuela, relacionada con la oliterds operadores diferenciales
(Divergencia y Gradiente) miaticos por medio de &todos matriciales. En dicha metoddiag

se destacaba un procedimiento a partir de las matrices de Vandermonde e identificaban a
diversos operadores discretos necesarios para cumplir un teorema de la Divergencia Discreto
Generalizado, siempre y cuando se utilicen mallas uniformes. A partir de dicha fecha realic
una recopiladn y estudio de aitulos relacionados con los &dos de discretizami
mimética al mismo tiempo que difig varios trabajos especiales de grado relacionados con

la aplicacon de dichos ratodos. De uno de estos trabajos de grado luego se hizowmeas

en 1D que fé publicado en la revistagenieia UC en el &0 2004, ease [1] (los resultados

en 2D no han sido publicados). Simultaneamente efi@P&@02 trataba de justificar todos los
pasos de la metodol@yde los profesores Jo€astillo y Grone (posteriormente publicada en
2003, [2]). Sin embargo la justificaa de la matriz de Vandermonde parano estaba clara,

por lo que decidproponer una metodoldg para la obtenon de dichas matrices para mallas

no uniformes, en esta etapa el profesor Orestes Montilla se incorpora a dicha investigaici

lo que publicamos dicha metodolagrelacionada solamente con el operador de Divergencia

en la revista "Ingeniéa UC"en el @0 2004, vase [3]. Luego el profesor Orestes Montilla en

el ao 2004 presenta su trabajo de ascenso relacionado con los avances realizados en proponer
una generalizabn de la metodolda del artculo [2], basado en las matrices de Vandermonde
Generalizadas tanto para el operador &tico Divergencia como Gradiente sobre mallas no
uniformes. Dicha metodoldg fué mejorada y publicada en elianlo [4] del &0 2006. Sobre



estaarea de investigagn reali@ otras investigaciones sobre mallas uniformes para la ézuaci
de Helmholtz y sobre la ecud@ci de Sturn Liuville que fueron presentados en dos congresos
en los &os 2003 y 2005 en San Diego, USA y Granada, Bap&stodiltimos resultados no
han sido publicados.

1.2 Resultado Principal del ariculo [3]

En este aftulo se introduce la funén de pruebg (z) = (z — xj+%)" que permite obtener

sobre un mallado escalonado no uniforme las entradas de la matriz de Vandermonde que a
posteriori puede ser usada para construir el operador de divergenciicoirsobre mallas

no uniformes, utilizando el mismo procedimiento dado en [2] para mallas uniformes. Dichas
entradas no s& mas que los coeficientes de, dado en el Teorema 1. Se presentan aem

dos ejemplos de matrices de Vandermonde: para una malla uniforme y para una malla no
uniforme suave.

1.3 Resultados Principales del aitulo [4]

En este artulo se usan las funciones de prueba dadas en [3], las cuales se reescriben en la
ecuacbn (4) del ariculo [4], para introducir el procedimiento descrito en [3] Y astener las
matrices de Vandermonde que luego se usan para obtener el operador de divergegiitamim

En la secdn 3.2 se introducen las funciones de prugha= (z — x;)" (ecuacdbn (16)) que
permiten obtener la matriz de Vandermonde que luego son usadas para obtener el operador
gradiente mirgtico para mallas no uniformes. El procedimiento para obtener estos operadores
y los otros necesarios para satisfacer un teorema de la divergencia Generalizado, dado por
la ecuaddn (30) es el mismo que el descrito en [2]. Se calculdnt@os los operadores
involucrados en dicho teorema de la divergencia Generalizado.

2 Metodos de Elementos Finitos Mhimos Cuadrados

M etodos de Elementos Finitos Mhimos Cuadrados

A finales del &o 1998 el profesor Vianey Villamizar de la Universidad Central de Venezuela
me propone investigar sobre loetodos de elementos finitos, en particular los relacionados
con los nétodos del tipo imimos cuadrados, basdonos en el libro de Bo Nan Jiang [6].
A medida que estabamos avanzando en el estudio de didttoslos aplicados a la ecuéni

de Helmholtz surd la necesidad de incorporar las condiciones de frontera a la discrétizaci
por lo que decidimos hacer dicha incorpotgacen el funcional que habitualmente se minimiza
para obtener dicho @todo, obteniendo asina formuladdn del nmetodo de elementos finitos
minimos cuadrados mas general que la que damoas. En base a ese trabajo realice mi
anterior trabajo de ascenso, haciendo una implemémtai 1D y utilizando polinomios de
interpolacon primer grado. Luego en logias 2003-2004 dirigun trabajo especial de grado
donde se implementaba dich@tado en 1D y utilizando polinomios de interpofatide grado



superior. Este trabajo &ula base para un estudio de convergencia y comyiaracin otros
métodos (elementos finitos mixto y diferencias finitas) el cualgublicado en elfeo 2006.

En virtud de que el profesor Vianey Villamizar se traslado a USA a trabajar, tuve la necesidad
de realizar tres pasantias de investiQacén el Department of Mathematics. Brigham Young
University. Provo, Utah. USA, en losias 2001, 2002 y 2004 relacionadas con este tema de
investigacon.

2.1 Resultados Principales del aitulo [5]

En este articulo se presenta una aplibacde un neétodo de elementos finitosinimos
cuadrados para problemas de propayadie ondas gobernadas por la ecoace Helmholtz.

Para ello se define un funcional convexo que es minimizado dando como resultado una
formulacbn variacional que incorpora las condiciones de frontegase la ecuagn (15).

Se hace luego una generaliZatien aritn@ética de los imeros complejos para tener un
problema variacional &s general (16). Luego se hacen las sustituciones pertinentes a fin de
resolver el problema en 1D. Se presenta t@mtgn la secéin 4 la formulacbn variacional

del método de Elementos Finitos Galerkin Mixto a los fines de ser comparado a posteriori con
los resultados obtenidos por ebindo de elementos finitosinimos cuadrados. Se presentan
luego los errores y ordenes de convergencia para ambtsdos usando diversos grados de
polinomios, ascomo una comparan de la eficiencia computacional. Las pruebas énicas
avalan un mejor comportamineto deétodo de elementos finitos para resolver problemas de
ondas cuando elimero de onda es relativamente grande en comyisracin el nétodo de
elementos finitos Galerkin Mixto.
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Resumen

En este trabajo se desarrolla una generalizacion de las entradas de las matrices de Vandermonde que son
necesarias para la construccion de los operadores diferenciales discretos miméticos de orden superior, la cual
cumple con un teorema analogo en espacios discretos al teorema de divergencia clasico en 1D. El resultado
obtenido es aplicado a casos particulares en mallados escalonados uniformes y no uniformes.

Palabras clave: Métodos miméticos, divergencia discreta, orden superior, mallado no uniforme.

Generalized Vandermonde matrix to build the mimetic discrete
divergence operators

Abstract

In this work a generalization of the inputs of Vandermonde matrices required for the construction of the
discrete divergence operator of high order is developed . These operators must satisfy an analogue divergence
classic theorem on discrete space in 1D. The result is applied to particular cases on uniform and non-uniform

staggered grids.

Keywords: Mimetic methods, discrete divergence, high order, nonuniform grid.

1. INTRODUCCION

En el modelado y/o simulacién de una gran va-
riedad de fendmenos fisicos involucrados en los pro-
cesos industriales, aparecen ecuaciones diferenciales
ordinarias y parciales. La mayoria de ellas pueden ser
formuladas usando operadores diferenciales invarian-
tes de primer orden, tales como, la divergencia y el
gradiente. Por otro lado, es posible construir muchos
esquemas de diferencias finitas en base a los operado-
res discretos de divergencia y gradiente, pero en la
mayoria de los casos los operadores discretos clasicos
no mantienen algunas propiedades fisicas y matemati-
cas de los operadores continuos. Por ello ha surgido la
necesidad de desarrollar métodos que permitan obte-
ner los operadores que satisfagan estas propiedades; a
saber, las leyes de conservacion y la simetria de los
operadores. También es importante que satisfagan los
teoremas tradicionales del calculo vectorial, como lo

es el teorema de Green, entre otros.

En la década de los 80's fueron publicados los
trabajos pioneros de Samarskii y otros [1, 2], donde se
presentan los aspectos fundamentales de los métodos
de operadores de referencia, los cuales fueron leve-
mente modificados en la década de los 90's, donde
se destacan los aportes de Castillo y otros [3, 4]. Para
esta época se les denomina métodos de operadores de
soporte.

Shashkov [5] publica un libro sobre el método
de operadores de soporte. Este texto recopila toda la
informacion existente para el momento en dicha area.
A raiz de estos trabajos se ha producido un incremento
importante en la investigacion. Dos de las aplicaciones
mas relevantes aparecen en los articulos de Hyman y
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Shashkov [6, 7], en donde se resuelven numéricamen-
te ecuaciones diferenciales que modelan fendmenos
electromagnéticos.

Castillo y otros [8], presentan aproximaciones
en diferencias finitas conservativas de cuarto y sexto
orden, tanto para la divergencia como para el gradien-
te en un mallado unidimensional escalonado unifor-
me.

Castillo y Grone [9] presentan un enfoque ma-
tricial para la generacion de operadores discretos mi-
méticos de orden superior de la divergencia y el gra-
diente. Aqui se desarrolla toda la metodologia necesa-
ria para generar dichos operadores basados en la dis-
cretizacion escalonada uniforme de un dominio uni-
dimensional. En este mismo afio, Castillo y Yasuda
[10], hacen una comparacién en cuanto al orden de
convergencia de la aproximacion numérica de un pro-
blema unidimensional, basado en dos grupos de ope-
radores discretos de divergencia y gradiente obteni-
dos por la metodologia dada por Castillo y Grone.

Con base en este trabajo se extiende, a malla-
dos no uniformes, el procedimiento descrito en [9].
También se presentan las ecuaciones algebraicas ne-
cesarias para algunos casos de mallados muy especifi-
cos, como lo son los mallados uniformes y no unifor-
mes suaves definidos por Shashkov [5].

2. ESQUEMA DE DISCRETIZACION
MIMETICA

A continuacion se describe brevemente la me-
todologia mencionada anteriormente. Primero, se
construye una matriz de divergencia S de orden ade-
cuado, de acuerdo al tamafio de la discretizacion del
dominio unidimensional en el que se desea resolver la
ecuacion diferencial, usando las férmulas usuales pa-
ra aproximar la derivada en un punto. Dicha matriz
debe satisfacer un conjunto de propiedades entre las
que se pueden destacar que: S es una matriz en banda,
Centro-Skew-Simetric, véase [11], con una estructura
tipo Toeplitz y cumple con las propiedades de suma
de los elementos de las filas iguales a cero y suma de
columnas iguales a —1,0,...,0,1; estas dos propiedades
se refieren al hecho de que al aplicar dicho operador
a una constante debe dar como resultado cero y al
teorema fundamental del célculo, respectivamente.
Como la matriz S construida de esta forma, usualmen-

te no cumple con las propiedades de orden de conver-
gencia preestablecida para el operador en todo el ma-
llado, se procede a introducir un producto interno dis-
creto generalizado; para asi, utilizando un equivalente
discreto del teorema de Green se pueda encontrar la
matriz de divergencia requerida con s6lo premultipli-
car dicha matriz por una matriz de pesos Q. El proble-
ma se reduce ahora en encontrar dicha matriz O, que
en el mejor de los casos es una matriz diagonal positi-
va definida y centro-simétrica. Para ello se considera
en primer lugar, la construccion de una matriz de di-
vergencia D, la cual es Centro-Skew-Simetric. Sus
filas interiores son las mismas de la matriz S y las
filas extremas estdn conformadas, cada una, por dos
bloques de matrices. Las filas superiores por una ma-
triz A no nula y la otra nula O y las filas inferiores se
obtienen de A, tal que, se mantenga la propiedad de
Centro-Skew-Simetric. Asi nuevamente, se modifica
el problema a encontrar la matriz 4 que cumpla con
todas las propiedades miméticas mencionadas ante-
riormente, mas las propiedades de orden de conver-
gencia. Para conseguir esta Ultima matriz, en virtud
de que las propiedades miméticas son lineales, se
puede plantear un sistema de ecuaciones lineales
Ma = b, donde las incognitas ubicadas en el vector a
son los elementos de la matriz 4, M es una matriz en
bloque conformada por matrices de Vandermonde,
matrices nulas e identidades. El vector b es elegido,
tal que, se cumplan las condiciones miméticas y de
orden. Al encontrar la matriz 4 es trivial obtener la
matriz de divergencia D. Para mas detalles véase [9].

La generalizacion que se hara de dicha metodo-
logia consiste en conformar, para un mallado escalo-
nado no uniforme, una matriz M, para lo cual es nece-
sario encontrar nuevas matrices de Vandermonde que
satisfagan las condiciones de orden.

La notacion usada, en este articulo, para las
matrices de Vandermonde es la clasica, dada por:

1 1
‘xl “ee x
Vimx,-x)=| . . . )

m m

xl e xn
donde m es el orden de convergencia del operador
diferencial involucrado y n es la cantidad de puntos
utilizados en la aproximacion.
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3. MATRIZ DE VANDERMONDE

Para obtener las matrices de Vandermonde se
utiliza el procedimiento clasico de desarrollar formu-
las de aproximacién para derivadas en un punto. Es
decir, para obtener una formula de aproximacion para
la derivada de orden k se construye un operador dis-
creto en base a una combinacion lineal de los valores
en ciertos puntos de una funcién polinomial de grado
k. Al evaluar dicha combinacién lineal para polino-
mios de grado menor o igual a k, se obtiene el valor
exacto de la derivada. Lo recientemente expresado no
es cierto para polinomios de grado mayor a k.

Con base en lo anterior, sea la funcion de prue-
ba f(x)= (x - xl/2+j)"; n=0,,---,k; para obtener una
divergencia discreta de orden k£ sobre un mallado es-
calonado no uniforme, donde los nodos extremos de
las celdas son X; <X, <---< Xm , con h =X,,=X Yy
sus puntos medios X3, <Xg, <-*<X,_,». Para detallar
lo descrito anteriormente se presenta un ejemplo mo-
delo, seglin se muestra en la Figura 1, para una confi-
guracion de cinco nodos distribuidos de manera no
uniforme, teniendo asi, cuatro celdas identificadas con
el punto medio de las mismas.

32 a2 7i2 92

Figura 1. Mallado escalonado no uniforme.

3k/2

(x1/2+,) Za/,f L. k (2)

donde se considera sélo el caso que & sea par.

Para obtener la matriz de divergencia no unifor-
me se analizan los diferentes valores que puede tomar
la variable n cuando la funcion de prueba es sustituida
en la ecuacion (2).

Si n =0 se obtiene la ecuaciéon homogénea:
J=1-k 3)

Si n=1 se obtiene:

So S

=1

+—j+3kf“ (th——} )

i=j+1

Si n =2 se obtiene:

S gr] Bo(gn-t] - o

i=j+1
j=lk

Finalmente para toda n mayor que dos se tiene:

Z:: [Zh +—jn+”z/2 [ih —%ano (6)

m=i i=j+1

=1,k

Las ecuaciones (3)-(6) se pueden resumir en el
siguiente teorema:

Teorema 1l )

a J(X)= (x_x1/2+j) s n=0L-k gy
funcion de prueba para el operador de divergencia
discreto, entonces al utilizar (2) se obtiene la ecua-
cion

S

i=1

Zh +—Jn +3kz/2: [Zl“ ,,,——j: i

m=i i=j+ m=j
j=1-k

que permite obtener los elementos de entrada de las
matrices de Vandermonde, donde 51,, es la delta de
Kronecker, definida por:

1
5171: 0

Las entradas de las matrices de Vandermonde
se obtienen a partir de los coeficientes de @ ;, que no
es mas que el elemento de la fila j y columna i de la
matriz A que conforman las primeras filas del opera-
dor discreto mimético de divergencia D.

sin=1

sin=#l

4. APLICACIONES

En esta seccion se utilizard el Teorema 1 para
obtener las entradas de las matrices de Vandermonde,
para los casos de mallados uniformes y no uniformes
suave. Para ello se considerard el intervalo [0, 1].
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4.1. Mallado uniforme

En el caso del mallado uniforme x;=¢;;
j=1,---,M donde & =(j—D)/AM=-1) representan los
nodos para un espaciamiento uniforme y M - [ es la
cantidad de celdas involucradas en la discretizacion.
Con esta notacion se calcula el tamano del paso / por
medio de la ecuacion

1
hjzxﬁ,—x/.:m:h (7)

aplicando el Teorema 1, se obtiene

J 2i-2j-1)hY ¥ 2i-2j-1)hY
Zaji[( 5 ) j +Za1‘i[( 5 ) j =9,

i=j+1
j=12,k ¥

Al simplificar, y haciendo las operaciones alge-
braicas adecuadas se llega a

3k/2

. . n 2
24, (2i-2j-1)" =23, ©)
i=1

Se multiplica por menos uno para que las ecua-
ciones resultantes sean las dadas en [9].

Las matrices de Vandermonde en este caso vie-
nen dadas por

V/:(k,2]_172]_37’3+2]_3k’1+2‘]—3k) (10)
j=1,2,-,k

4.2. Mallado no uniforme suave

En esta seccion se presenta el caso con mallado
no uniforme, dado por x; = é‘jz ;j=1---,M donde x
es una funcion suave que permite calcular los nodos
para el espaciamiento no uniforme a partir de los no-
dos para un espaciamiento uniforme ¢&; descrito ante-
riormente. Usualmente a la discretizacion obtenida
por medio de x; se le denomina espacio fisico y a la

dada por ¢ espacio logico. Asi
2j—-1

hy=x,-X,=———
(M -1)

J J+l J

=(2j-1n* (11)

Aplicando el Teorema 1, se obtiene:

j 2 n
Da,(2(i-1) =27 +2j-1) +

i=1

2

2(i-1)' =257 +2j-5) =--=6, (12)

2 1n

Sl

Para que se entienda mas claramente como se
obtiene la matriz de Vandermonde a partir de esta
ecuacion, se ilustra considerando el orden de conver-
gencia k=4,para j=1,y n=1 obteniéndose

2
—-a,, —3a,, +3a,;, +13a,, +27a,; + 45a,, = 5 (13)

De los coeficientes de esta ecuacion se obtienen
los elementos de la matriz de Vandermonde,

Vi =(4-1,-3,3,13,27,45)

De forma similar se construyen las otras matri-
ces de Vandermonde necesarias;

Vj=(4.;xl’x2"”’x6) j=1,---,4

A continuacion se presenta la ecuacion que per-
mite obtener las matrices de Vandermonde para el
caso general de un mallado uniforme dado porel X;
definido al inicio de esta seccion

(-2/7+2j-1)a, +(-2/* +2j+1)a, +--+(-2j+1)a, +

2

. K 2.
(2]—5)41](].“)+---+(9?—12k—2]2+2] +3]aj(3k 1)+

2
(9%—6k—2j2+2j—3ja{ = (14)

2
O

2

y asi la matriz de Vandermonde para j=1,2,---,k, se-
ria

. 2 . 2 . . .
Vo=(k;=2j"+2j-1,-2j"+2j+1,-,-2j+1,2j-5,-,
2 2

9%—12k—2j2+2j+3,9%—6k—2j2+2j—3) (15)

5. CONCLUSIONES Y RECOMENDACIONES

En esta investigacion se obtuvo una familia de
funciones de prueba polindmicas, fundamentadas en
las propiedades que las mismas deben cumplir para
aproximar la primera derivada en un punto con un

Rev. INGENIERIA UC. Vol. 11, N° 2, Agosto 2004 51



Matriz de Vandermonde generalizada

orden de precision preestablecido. Estas propiedades
son vitales para finalmente construir el operador de
divergencia discreto mimético.

De igual manera, se han presentado casos ele-
mentales de aplicacion del Teorema 1, tratando de
dejar claro el procedimiento usado, para que asi pueda
ser implementado a otros tipos de mallados no unifor-
mes, tanto suaves como no suaves.

De una manera similar a como se construyen en
este articulo las matrices de Vandermonde para gene-
rar el operador discreto de divergencia mimética, se
pueden construir matrices de Vandermonde para obte-
ner el operador discreto de gradiente mimético. Para
ello se deben seleccionar otras funciones de prueba,
que se adecuen a la caracteristica de evaluar al gra-
diente en los puntos que representan a los nodos, los
cuales denominamos también puntos enteros; de esta
manera, para calcular el gradiente en dichos puntos
enteros, se hace por medio de la combinacion lineal
de la funcién de prueba evaluada en los puntos que
representan a las celdas, o a los que denominamos
puntos medios.

Actualmente, con base en el resultado de este
articulo se estd desarrollando una herramienta compu-
tacional, que use calculo simbdlico e involucre el cal-
culo de todos los parametros que aparecen en el pro-
ducto interno generalizado que deben satisfacer los
operadores de divergencia y gradiente miméticos.
Estos resultados pronto seran presentados en otro
articulo.

6. RECONOCIMIENTO

Esta investigacion ha sido subvencionada, en
parte por la partida de investigacion 407 asignada a la
Facultad Experimental de Ciencias y Tecnologia de la
Universidad de Carabobo por parte del CNU-OPSU,
la cual es administrada por el Consejo de Facultad de
dicha institucién, asi como también se utilizaron re-
cursos provenientes de financiamiento por parte del
FONACYT Carabobo.
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Resumen

Se presentan resultados preliminares en la simulacion de flujo de fluidos uni-dimensional con métodos
conservativos. Se exhiben diferentes esquemas numéricos para resolver las ecuaciones de Navier-Stokes y de
compresibilidad artificial, dos de ellos son explicitos y los restantes implicitos. El primer esquema usa el método
de operadores de soporte, €l segundo mezcla este método con € de Crank-Nicolson, y los otros usan € método de
Cadtillo Grone 2-2-2. Para resolver |os sistemas de ecuaciones obtenidos por medio de los métodos implicitos, se
usa la libreria UCSparseLib la cual ha sido desarrollada en ANSI C. Ademas, se desarroll6 un conjunto de
herramientas para mostrar 10s resultados gréficamente usando OpenGL.

Palabras clave: Méodos miméticos, Navier-Stokes, dindmica de fluidos.

Mimetic discretizations for computational fluid dynamics:
uni-dimensional case

Abstract

Preliminary results in uni-dimensional fluid flow simulation based on conservative methods are presented.
Several numerical schemes to solve Navier-Stokes and artificial compressibility equations, two of them explicit
and two implicit are exhibited. The first uses Support-Operators method, the second scheme mixes this method
with Crank-Nicholson's and the others uses 2-2-2 Castillo-Grone method. For solving the systems of linear
equations obtained through implicit methods, the UCSparseLib library is used which has been developed on ANSI
C. Furthermore, a set of tools was devel oped to display results graphically using OpenGL.

Keywords. Mimetic methods, Navier-Stokes, fluid dynamics

1. INTRODUCTION

The mimetic methods are based on the conss  some of their applications [8,11], check http://

truction of discrete differential operators that mimic
some fundamental properties of divergence and gra-
dient operators, among others. About two decades ago
the Support-Operators method was developed [4,5],
which is based on considering discrete analog of
Green's Theorem to obtain a derived discrete operator
starting from a prime discrete operator, i. e, a diffe-
rential operator is imposed as the prime, and starting
from the discrete Green's identity the derived operator
is obtained. For furthers details on this methodol ogy
see [1]. For several methods related to the construction
of mimetic discrete operators[6,7,9,10], as well as

cnls.lanl.gov/~shashkov. A methodology to build dis-
crete operators satisfaying Green’s generalized discre-
te theorem has been recently developed in [2], where
higher order mimetic differential operatos can be built
in the inner nodes as in the boundaries for 1D uniform
grid. In this work, a set of operators obtained by the
Support-Operators method as well as Castillo-Grone
methods is used in order to simulate the flow of fluids
in one dimension. In al cases staggered grids were
used being necessary the using of grid functions. So-
me basic topics alowing the understadins of the nota-
tion to be used in the next sections are now present.
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2. PRELIMINARY

In this section the equations the equations go-
verning the behavior of the fluids flow to be simula-
ted are presented, as well as an introduction to the
staggered uniform grids and grid functions genera-
tion. The discrete operators to obtain the differences
schemes are also presented.

2.1. Model problem

Next, the equations to use in the One-
dimensional flow of fluid simulations are show. They
are the Navier-Stokes and Artificial Compressibility
equations

2
V oy 2P0V 3 (ab) ad 0<i<0 ()
o a pox | ox
L@V 4 on (a,b) and O<t<w @
B ot ox

where p is the pressure, V' the velocity, p the density,

v the viscosity, ¢ is the time and S the artificial
compressibility parameter. Test cases were built using
Dirichlet boundary conditions.

2.2. Staggered grid and grid functions

In this work a staggered uniform grid is used,
which is defined by M nodes along the one dimension
domain considered and M-1 cells. A cdl is given by
the set of points in between any pair of consecutive
nodes. Usually, in order to  identify acell any point
inside of it isutilized. For this porpuse, in thiswork is
used asits identification. Hence, it there is a set
of nodes {xl'x2’“.’xi’le’.“'xM—l’xM}
withx;=0and  x;, =1, then the set of cells will
be denoted as {xs/zvxs/z v Xy Xyt Xy 20 X a2
where Xiv12 = (x[+1 + x[/2);i =1,---, M -1
As usually, two classes of grid functions are used: a
nodal-valued and a cell-valued. The nodal-valued
functions are defined as f: HC—HN whereas the cell-
valued ones as of the form g: HN—HC such that HC
is the space for cell-valued grid functions and AN, the
space for nodal discretization. Figure 1 shows the
staggered grid and grid functions to be used. The

size of the cell will be denoted by:

h=x,-x;i=1--- M-1
o o o o
81 ‘f;fl/z 5 iv12 O ivs i+3/2 3.2
L g R L g N @ X *—
X X X X X X

i-1/2 Xt 12 it1 i+ 3/2 it2

Figure 1. The staggered grid and grid functions.
2.3. Discrete operators

The discrete divergence and gradient operators
given by the Support-Operators method for a
staggered uniform grid are:

(Dg),.1 g”lh_gl, 1<isM-1 3
f3/2_f1 i=1
h2
(Gf), = @ 2<i<M-1 @)
fM_fM—J/Z i=M
nj2

In the 2-2-2 Castillo-Grone method, the eguations for
the gradient operator on the boundaries are modified,
being obtained:

4 3 1
_§f1+§f3/2_6f5/2 i1
h/2 ’
(Gf)1: 4 3 / 1 (5)
7fM_7fM— +7fM— 2
37N pUME e
h/2 ’

3.EXPLICIT METHODS

Two explicit difference equations for the problem
given in (1) and (2) are here presented, using the
discrete operators introduced in the previous section.
In al the cases the differential equation is evaluated
on a generic point x; or Xxi.12. The cel-valued
functions are approximated by the average of the
functions evaluated on the nodes. This is a second
order approximation:
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Sz :%"‘0(}12) (6)

Since equations (1) and (2) hold for every point
of the domain, this is particularly true on the cells of
the grid when time = nAt, where At is the size of the
discretization of thetimeand » =0, 1, 2,... Thisis

n n n 277n
aVi+:l/2 +V" aVi-v—:l/Z _ _l api+:l/2 +y 0 Vi+]/2 (n
i+1/2 2
ot ox p Ox ox

l 5p,—"+1/2 + aViJnfj/z
L ot Ox

=0 (8

Now, equation (6) is used to approximate the
discrete gradient operator of the pressure, i.e

apin+:l/2 /ax

Then, approximations (3), (4) and (5) are
applied to the operators involved in (7) and (8). On
inner points, thisis

n+l

Vi+]/2

e (1= r§1V")—%§lp” +58,7"

n+l
Piiz =

Pl —q0V"

Where r = At2h, s = Atvh’, g = BAtv/2h with
h = x4 -x; and the difference operators in 6, and &,
are defined by
§1Wn = Wizslz - VViilIZ
and
52Wn = VV[Z3/2 - 2Wiil/2 + Wii1/2

It is important to say that both 6 and &are
used in the Support-Operators and Castillo-Grone

methods. The difference between those methods is the
gradient operator approximation on the boundaries.

Next, the equations for the left boundary are

Vist = Vi (1-ro ") - %53 PAET N

and

n+l

P32 = Paa — 405V "

where O =We, + Wy, — 20/
depend on the method used.

and & and &,

oMW" = W;z + Wy, =20/
and

n

5/2

oW" = Wy, + 20
for the Support-Operators method and
S =—(8/3W," + 20y, + (2/3W),
and
S =(4/3) 52— MWy, + &/3w;
for the Castillo-Grone method.

For the right boundary they are
n+. n n r n n
VN—i/Z = VN—1/2(1_ rogV )_; eD" + 50V

and

n+l

Pyz = Pyaz—9%V"

where S0 " =2W y =W 1, =Wy 3, and & and &
depend on the method used.

56Wn = ZW]:; - W]\”]—lIZ - W]\r/lfalz

and
G W =2Wy =Wy 1+ Wya

for the Support-Operators method and

S = (8yWF 2w, —(2/IW} .,
and

SW?P =8 JWE —Aawl ., + (43w,

for the Castillo-Grone method.
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4. IMPLICIT METHODS

In this section the difference equations are
presented in an implicit way for the problem given in
(1) and (2) using the Cranck-Nicolson method and the
discrete operators given in the previous section.

Substituting the difference operators (3-6), into
equations (1) and (2) it is obtained:
n+ n r n+ r n+ N nt
Vm/lz + I/i+]/2§5lV ! +551p ! _5521/ 1=
n r n r n S n
I/i+]/2(1_§61V ]_5 1P +§52V
n+l q n+l n ‘] n
e t=oV" " =pl,—=0)
Pia2 51 Pia 5“1
Next, the equations for the left boundary are
r r S
Vn+l+Vn _5Vn+l+_§ n+l__5Vn+l:
32 3275 % 2p 3P 59
r r N
Vaol L= =0" | ——0,p" + =o,V"
3/2( 2% j 2p 3P 5%
p;le + %55V"+1 = P32 — % oV"
And for the right boundary they are

n+ n r n+ r n+ N n+
Vit + Vi §§8V T+ 566]7 ! _5571/ t=

n r n r n S n
VNU2(1_§§8V )—Z N +557V
P+ %é‘sV'Hl = Py _%§8Vn

5.NUMERICAL TESTS

The purpose of these tests is to verify the behavior
of the presented schemes. See the matrix structure for
implicit cases in the Figure 2. To guarantee the
stability of the method is used B = vA#/Ax’. For
explicit methods As =10 and for implicit methods

At = 10° with an initid value Ax°= 107 This valueis
decreased using Ax*'=Ax'/2,i=0,1,2,...

Figure 2. Sparse matrix structure for implicit methods.
51.Casel

A laminar flow, incompressible with constant
cinematic viscosity between two paralel walls
separated by a distance H is considered. Initially the
two walls and the fluid are in stationary state. In the
instant ¢t =0, one of the walls moves at a constant
speed V. This problem has an exact solution given by

VIVy=1-x/H -

22 isen(nizx/H) exp(—n’zvtl H?)

n=1 nw

Once al simulations have been made, it is possible
to obtain the behavoir shown in Figure 3, in which the
value of the speed can be observed for each one of the
nodes in a given moment.

To stop the iterations it is used a tolerance of 10
for the energy norm of the error given by:

1/2
M-1 2
il _ h *( _ )
|~ $) * e
=1

Figures 4 and 5 show the results obtained using the
explicit and implicit methods respectively.
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PRESSURE SCALE

VELOCTY
TL00E+00

PRESSURE
L ]

Figure 3. Simulation with the explicit Support-Operators
method. p=996, v=0.804, At = 10° and Az = 102

5.2.Case?2

The same as in the previous test, a fluid is
considered between two parallel walls, but in this case
the walls are fixed. An initial constant speed is set for
all the nodes on the grid in the time =0, as well as a
constant pressure bigger than zero. The simulation
process generates a parabolic function in the speed
profile, which diminish while the time in the
simulation increases. See Figure 6.

Figure. 4. Comparison of Support-Operators
Explicit and Implicit results with the exact solution.

Figure 5. Comparison of Castillo-Grone 2-2-2
Explicit and Implicit results with the exact solutions.

5.3.Case 3

In this case, constant speeds are set for each
wall, but in opposite sense. The behavior of the
simulation tends to a straight line along the profile of
speeds of each one of thewalls. See Figure 7.

PRESSURE SCALE

[]2092 VELOCTTY

72.00E+00

N

15.69

- 4

523

000

Figure 6. Case 2: Implicit Support-Operators method.
=996, v=0.804, At = 10° and A¢ = 10
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Figure 7. Case 3: Implicit Castillo-Grone 2-2-2 method.
p =996, v=0.804, At =10 and Ax =107

6. CONCLUSIONS

- The implemented methods converge in all test cases.
- The results obtained in the simulations, in function
of the boundary conditions, present a similar behavior
to that which happensin redlity.

- In al cases, the tolerance of the error in the
calculation of the solution of the linear systems by the
BicGSTAB and GMRES methods were 107
accuracy generally reached in the initial iterations.
That is why it is considered that it is not necessary to
change the method unless higher precision is required.
- In the calculation of the approximations of the
differential equations through the mimetic methods,
the error of the energy norm with regard to an analytic
solution, is in the order of 102, being better with the
approximation formulated by the 2-2-2 methods.
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Abstract

An application of least squares finite element method (LSFEM) to wave scattering problems governed by the one-dimensional
Helmbholtz equation is presented. Boundary conditions are included in the variational formulation following Cadenas and Villamizar’s
previous paper in Cadenas and Villamizar [C. Cadenas, V. Villamizar, Comparison of least squares FEM, mixed galerkin FEM and
an implicit FDM applied to acoustic scattering, Appl. Numer. Anal. Comput. Math. 1 (2004) 128—139]. Basis functions consisting of
high degree Lagrangian element shape functions are employed. By increasing the degree of the element shape functions, numerical
solutions for high frequency problems can be easily obtained at low computational cost. Computational results show that the order of
convergence agrees with well known a priori error estimates. The results compare favorably with those obtained from the application
of a mixed Galerkin finite element method (MGFEM).
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.

Keywords: Least squares finite element method; Galerkin mixed finite element method; Convergence rate; Helmholtz equation; Wave scattering

1. Introduction

An important class of Sturm—Liouville boundary value problems is wave scattering phenomena modelled by the
Helmbholtz equation. The numerical solution of these scattering problems has been an area of intensive research activity
for more than four decades, and there have been several different approaches. One of them is the boundary integral
equations method. It is based on an equivalent integral equations formulation of the boundary value problem, originally
given in terms of partial differential equations. One of the earliest papers [2], in which these integral equations were
discretized and numerically solved appeared in 1963 and treated acoustic wave scattering. A generalization of this
technique has become known as the boundary element method. A good description of the theory and applications is
contained in [12]. Finite difference time domain methods have also become an important numerical technique in wave
scattering, especially for electromagnetic waves [11,9]. A comprehensive review of the development and applications of
this method can be found in [10]. Finite element techniques represent an alternative approach to the numerical solution
of wave problems modelled by the Helmholtz equation. One of the first papers using this technique was written by
Aziz and Werschulz [1]. This approach has emphasized the application of the classical Galerkin finite element method.

* Corresponding author.
E-mail addresses: ccadenas@uc.edu.ve (C.E. Cadenas), jrojas@uc.edu.ve (J.J. Rojas), vianey @math.byu.edu (V. Villamizar).
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doi: 10.1016/j.matcom.2006.06.013
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A detailed account of the classical Galerkin finite element method applied to the Helmholtz equation can be found in
[5]. The difficulty in obtaining good approximations for wave scattering problems modelled by the Helmholtz equation
resides in the frequency values k. High frequencies may cause an excessive number of nodes and, as a consequence,
prohibitively high computational time for any numerical method.

In recent years, an alternative finite element approach based on a different variational formulation has been used.
This variational formulation is obtained by minimizing the least squares errors. But, instead of applying the error
minimization on the second order Helmholtz equation, it is applied on an equivalent first order system. This technique
is known as the least squares finite element method (LSFEM). An excellent review is found in [6]. Application
of LSFEM to boundary value problems (BVP) modelled by Sturm-Liouville-type equations in one dimension first
appeared in [4]. In this work, LSFEM was applied to three model problems with homogeneous boundary conditions.
The results obtained were compared with those obtained from the application of the mixed Galerkin finite element
method (MGFEM) to the same problems. These numerical tests indicated better convergence rates for LSFEM. In fact,
optimal rates in both primary and secondary variables were obtained by the use of LSFEM. However, in [3] it was found
that LSFEM applied to the Helmholtz equation compared unfavorably with MGFEM for relatively high frequencies.
Computational experiments revealed that application of LSFEM, using piecewise linear basis for moderately high
frequencies, as for example k = 30, required an enormous number of elements. Therefore, the amount of computation,
and, as consequence, the CPU time employed by LSFEM was much greater than the time used by MGFEM to solve
the problem for the same frequency. Here, we will show that increasing the degree of the element shape functions,
in the range D = 2-5, allows approximation of the primary and secondary variables at low computational cost using
LSFEM, even for relatively high frequencies.

Consider the following boundary value problem (BVP) given by the linear second order ordinary differential
equation:

[iu" () + LU'(x) + fr(0ux) = fax),  xe2=(a,b)CR, ()
subject to the boundary conditions:

eu'(a) + e2u(a) = €3, 2)

s1u'(b) + ou(b) = g3. 3)

It is assumed that Eq. (1) is a regular Sturm-Liouville-type equation where fi, f> and f3 are real-valued and
continuous functions defined on the domain £2, f; > 0, fl’ = f3, the functions f4 and u are complex-valued functions,
and ¢}, ¢; are complex constants for j = 1, 2 and 3. It is also assumed that A = 0 is not an eigenvalue of the related
Sturm—Liouville eigenvalue problem, so that the BVP has a unique solution [7].

In [3], Cadenas and Villamizar used global piecewise linear approximation functions to obtain the least squares
finite element approximation for the solution of a scattering problem modelled by the one-dimensional Helmholtz
equation. Here, we are interested in the application of LSFEM to approximate the solution of the more general BVP
(1)—(3) using piecewise Lagrange interpolating polynomials of higher degree as basis functions. All finite element
calculations are carried out locally for each of the elements. As usual, the approximate solution to Eq. (1) is obtained
by solving an algebraic linear system of equations that is defined by a hermitian matrix. Additionally, for comparison
purposes, a mixed Galerkin finite element method with piecewise high degree Lagrange polynomials as basis functions
is used. In either case, Eq. (1) must be transformed into an equivalent first order linear system of ordinary differential
equations. The BVP (1)—(3) can be easily reduced to a first order linear system of ODE’s by introducing the new
dependent variable w = u’. In fact, it can be rewritten as

w—u =0, %)
fiw' 4+ fow + fru = fi, Q)
eiw(a) + eau(a) = €3, (6)
siw(b) + cou(b) = 3. @)

An outline of the paper is as follows. In Section 2, we present the LSFEM variational formulation of the BVP
governed by the linear system of first order ODE’s (4) and (5) with boundary conditions (6) and (7). Then, in Section 3,
the variational formulation of the mixed Galerkin finite element method corresponding to the same BVP is described.
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Next, in Section 4, the algebraic linear systems obtained from the variational formulations of the two finite element
methods considered in this paper are given. Then, in Section 5, some numerical tests upon a special case of the BVP
(1)—(3) are performed. More precisely, both finite element methods are applied to obtain approximate solutions of a
one-dimensional acoustic scattering problem. This problem was defined in [3] as

p;/c(x) + kzpsc(x) =0, O0<x<l, ®)
PL(0) = ik, o)
d

c’f;“(l) — ikpe(1) = 0, o)

where pg.(x) is the scattered pressure and k is referred to as the wavenumber. Eq. (10) is the well-known Sommerfeld
radiation condition which is usually applied at infinity for unbounded domains. Nevertheless, for one-dimensional
problems like this one, the Sommerfeld radiation condition is exactly satisfied anywhere on the x-axis. Thus, the
domain of the BVP may be confined to a finite interval. The exact solution of the boundary value problem (8)—(10) is
the stationary wave given by ps.(x) = ¢'**. We compare the performance of the two finite element methods by studying
the order of convergence for each one of them for different values of the wavenumber k, ranging from 1 to 90. Finally,
in Section 6, we make some conclusions about the numerical results obtained from the various tests performed in
Section 5.

2. Formulation of the LSFEM

The BVP (4)—(7) can be written in a more general form as
Au =T, x € 2=(ab) CR, Biu(a) = g1, Bou(b) = g2, (11)

where A is a linear first order differential operator defined as

0-1|d 10
4a. . (12)
fi 0 ] dx [fz f3]

The symbols u and f represent complex vector functions defined asu = [w u 1T, and f = [0 fa 17, respectively.
The boundary conditions are defined through the linear algebraic operators By = [¢] ¢2] and B2 =[ 61 ¢2]. The
right-hand sides of these boundary conditions, g1 = €3 and g» = ¢3, are complex constants. We define a set V as
an appropriate subspace of Ly(£2) (product space) such that A maps the subspace V into L,(£2). The function f is a
complex-valued vector function that belongs to the product space L(£2). The LSFEM analyzed in this work is similar
to the one studied in [6], but it includes the boundary conditions in the variational formulation. In fact, it consists of
finding a function u € V, such that u minimizes the quadratic functional:

d
A=AI—+Ap=
dx

1 1 1 1 1
I(w) = S| Au— f11° + SIBiu—gi 2 4 5 /Bou — @l = S (Au—f, Au— ) + S(Bju(@) — g)Bru@ — 1)

e
+ 5 Bau(b) — g2)(Bou(d) — g2).

The line segment over some of the terms in the previous equation is used to designate the complex conjugate of the
expression under it. A necessary condition for the existence of the function u € V is that the first variation of the
functional /(u) vanishes for all admissible vector functions v = [v; vy ]T eV, ie.

li dI( +tv)=0 (13)
tir(l) dr ==
It is easy to prove that (13) is equivalent to

%((Au —f,Av) + (Av, Au — ) + (Bju(a) — g1)B1v(a) + Biv(e)(Biu(a) — g1)

+ (Bau(b) — g2)B2v(D) + Bav(b)(Bou(b) — g2)) = 0. (14)
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Using complex numbers algebraic properties and the definition of the inner product in L(£2) for complex-valued
vector functions, Eq. (14) leads to the variational formulation of the LSFEM. This is, find u € V such that

Re(Au — f, Av) + Re(B1v(a)(Biu(a) — g1)) + Re(Bov(b)(Bou(b) — g2)) =0 (15)

for all admissible functions v € V. Instead of solving (15), we obtain approximate solutions for the more general
variational problem: Find u € V such that

(Au —f, Av) + B v(a)(Biu(a) — g1) + Bav(b)(Bou(b) — g2) =0 (16)

for all admissible v € V. Clearly, any solution of (16) is also a solution of (15). After substitution of the definitions
given above for the differential and algebraic operators, and, for the vector functions, Eq. (16) is transformed into

b . e b
/ {01 — Vo) (w —u) + (fiv] + favi + Bu)(fiw' + fow + fau)ldx — / (fiv] + fovr + frv2) fadx

+ le1Pvi@w(a) + Erervi (@u(a) + E21va(@)w(a) + |e2*va(a)ula) — Eresvi (@) — E26302(q)
+ [s1PviB)w(b) + Treav1(BYu(b) + 251 v2(B)Yw(b) + |s2|*v2B)u(b) — Trg3v1(b) — Sag3v2(b) = 0. (17)

For our least squares finite element analysis, we use real piecewise polynomials ¢; (j = 1, ..., N), as basis functions
for both components of the vector function u in the space V. Thus, the finite element approximation fi(x) = [ @(x) ii(x)]T
of u can be represented as

N N
() =Y wig;(x) and a@(x) =Y ujp;(x). (18)
j=1

j=1

where N = ED + 1 is the number of nodes required to discretize the domain §2 into a finite element mesh with E finite
elements, whose basis functions have degree D.

We define the finite element approximation of v(x), as V(x) = [ ¢;(x) 01%, fori = 1, ..., N, and substitute it into
(17). Also, we substitute into (17) the finite element approximations @(x) and #(x) of w(x) and u(x), respectively. As
a result, we obtain the following family of algebraic equations:

N b o o
> { ( / {(—¢it; + FLf300 + f2f3¢i¢j}dx> uj

j=1

b
+ ( / {(L+ LD + LA + i Hoi¢; + f1fz¢i¢;-}dx) w,}

b
- / (F19} + fagi) fadx + |e1 w181 + Ereau18i1 — E163811 + |17 wndin + ST2unSin — S1538iv =0
a

(19)
fori=1,..., N. The symbol §;; represents the § Kronecker function. Alternatively, by choosing v(x) = [0 ¢;(x) 17,
fori=1,2,..., N and substituting the finite element approximations @(x) and i(x) into (17) a second family of
algebraic equations for the unknowns w; and u; (j = 1,2, ..., N) is obtained:
N b 5 b o o
S [0+ 1nPaac)us+ [ (-gi6;+ 500 + oo x| w,
]=1 a a

b
- / F3 fadi dx + |e2|?u1 851 + e152w1 81 — E2638i1 + |2 P undin + s1GawNSin — S2638iv = 0 (20)
a

fori =1, ..., N.Notice thatin both families, the equations corresponding toi = 1 and N contain the complex constants
¢; and ¢; present in the boundary conditions (6) and (7). The above Egs. (19) and (20), represent an algebraic linear
system with 2V unknowns (w;, uj, for j = 1,..., N) and 2N equations.
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3. Formulation of the MGFEM

In this section, we obtain the mixed Galerkin finite element variational formulation of the BVP (4)—(7). It consists
of finding a vector function u(x) = [ w(x) u(x)]T, where w(x) € X and u(x) € H such that the weighted residual:

b
(Au—f.v) = / v (Au — f)dx = 0, @1

holds for all test functions v(x) = [ vi(x) va(x)]. Here, the asterisk denotes the conjugate transpose of vector v. The
subspaces X and H are generally not the same. For example, X C L»(0, 1) and H C H'(0, 1). Next, we substitute the
matrix A by its definition given by Eq. (12), and the vectors u, v, and f by their corresponding definitions given in the
previous section, respectively. As a consequence, the variational formulation of the MGFEM (21) reduces to

b
/ (O1(w — ')+ 3 f1w + fo + fau— fa))dx = O. 22)

Integrating by parts, the second term in Eq. (22) yields:

b _
/ 1w —u') = vy(fiw + fou) + 02(= flw — fru + fu — fo)}dx + @2 fHw(b) — (V2 fr)w(a)

+ (02 f2u)(b) — (V2 f2u)(a) = 0. (23)

The finite element analysis of (23) requires the replacement of the secondary and primary variables by their corre-
sponding finite element approximations, W(x) € X, and ii(x) € Hp, respectively. In general, the finite element spaces
Xj, and Hj, should consist of element shape functions of unequal degree. In fact as pointed out in [8], a good pair of finite
element spaces is Hj={set of piecewise linear continuous functions} and X,={set of piecewise constant functions}.
The reason for this choice is to satisfy the LBB stability condition [6]. However, our main purpose is to apply MGFEM
to homogeneous equations of the form (1). It means that the possible source of instability, which is the forcing term, is
not present. Thus, piecewise polynomial basis functions {¢;}_, of the same degree can be used to represent both finite
element approximations w(x) and #&(x), without affecting the stability of the problem. Thus, we replace w and u in (23)
by @ and # given by (18). As test functions, we use V(x) = [ ¢;(x) 01T and ¥(x) = [0 ¢i(x)]T, fori = 1,2, ..., N, As
a consequence, we obtain the following two families of 2N algebraic equations for the 2NV unknowns w; and u ;:

N b b
Z{(-/ ¢,~¢f,dx>u,~+</ qbiq}jdx) wj}zo, (24)
/1 a a

N b b
Z { </ {(—f20; — [r0i + [30i)0; dx) uj— (/ {f19; + fidi}o; dx) wj} + ¢i frundin — ¢ fru1din

j=1

b
+ @i fiwndin — @i frw1di1 — / fagidx =0 (25)
a
for i =1,..., N. In the next section, we present the details of the process of construction of the finite element
approximations.

4. Generation and assembling of the finite element solution

The algebraic linear systems with 2N equations and 2N unknowns obtained in the previous section for MGFEM
and LSFEM are denoted as

Kii =1, (26)
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where K is a complex block-banded square matrix of order 2N commonly called stiffness matrix, 1 is a complex vector
with 2N components also called load vector, and i1 is the unknown vector given by

= [w; u; wzuz...wNuN]T. 27

A convenient definition of the stiffness matrix K is obtained by alternating the positions of the unknonws wj;
and u; inside the unknown vector @ such that a w; is placed first and then the corresponding u; follows. In order
to construct finite element solutions to BVP (4)—(7), the domain 2 = [a, b] is divided into E elements, §2., for e =
1, ..., E.Piecewise polynomial basis are defined from element shape functions w;(é) defined as lagrange interpolating
polynomials on a natural coordinate system (—1 < & < 1) with degree (wj) = D € N. Then, the linear system (26) can
be locally computed block by block and then assembled element by element as

E

E
dKi=) I (28)
e=1

e=1

Therefore, the family of algebraic equations (19) and (20) for the LSFEM can be written in terms of the finite elements
21,822, ..., 2 as follows:

E D+1

S { ([ 1w + T 5+ v ) o

e=1 j=1

+ ( /Q A+ AP+ L2 v +ﬁfzwf’vf§-+f1mfw;’-’}dsze) w;}
E JE— JR—

-> / (v + Favi fadS2e + lerPw]din + Ereauidin — Eresdi + [s11*wh 1 in
e=1 12

+Tioub, 8in — Sic3din =0, (29)

D+1
2.2 { ( NG |f3|2wf¢§}d9e> i+ ( =i v+ v+ fzﬁwfw;}dne> w;}
e=1 j=1 e .

E
- E / FfavdS2, + |e2uldin + e18w(8i1 — B2e38 + |2l uby,  Sin
2
e=1 ¢

+ s1Gwh, 18y — S2638iv =0 (30)

fori =1,..., N. Similarly, algebraic equations (24) and (25) for the MGFEM can now be written as

D+1
>N {(—/Q vy d.Qe> U+ (/Q yEys d.Qe> w;’} =0, 31)
e=1 j=1 e e
E D+1 , ,
>N {( /Q (=¥ — [YE + BYEHS dfze> us — < /Q LAY + AV dfze) wj}
e=1 j=1 e e
E
+ ¢ by 8in — V¢ foulsin + Ye frwh 8in — v¢ frwldi — Z /Q fayid2, =0 (32)
e=1 e

fori=1,...,N.
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Fig. 1. Rate of convergence for k = 7 and element shape functions of degree D = 2.

5. Application to the scattering problem governed by the Helmholtz equation

In this section, the results of the application of LSFEM and MGFEM methods to the BVP (8)—(10), written as the
first order system (11), are analyzed. Several experiments are performed defining a uniform mesh with E elements and
using Lagrangian element shape functions of various degrees. Then, the absolute error in the L, norm is computed for
both the primary variable u = p and the secondary variable w = p’. The rate of convergence for each method is also
obtained by calculating the L, absolute error for different values of the distance 4 between consecutive nodes. The
Figs. 1 and 2 correspond to the application of linear regression to the pairs (— log(h), — log(error)). It is found that
these quantities are linearly related. The slope p of the resulting line is a good approximation to the rate of convergence
of the numerical methods.

In Table 1 and Fig. 1, the results for a frequency value k = 7 and Lagrangian element shape functions of degree
D = 2 are reported. The columns in Table 1 correspond to the number of finite elements E, the L, absolute error for
the primary variable denoted as error,, and the L, absolute error for the secondary variable denoted as errory,. It is
observed that MGFEM approximates the exact solution better than LSFEM for small number of elements. However,
as the number of elements is increased LSFEM outperforms MGFEM. In fact, a linear regression analysis on the pairs
(—log(h), — log(error)) reveals that the order of convergence of LSFEM is p, = 3, 9419 with respect to the primary
variable u, and, p,, = 3, 9125 with respect to w. A similar error analysis for the MGFEM leads to orders of convergence
pu = 2.002 and p,, = 2.001 for u and w, respectively.

The main result of this work is constituted by the above observations regarding the convergence rate of LSFEM
when the degree of the element shape functions is increased. For example, regarding the order of convergence, in our
previous work [3] we found that to obtain quadratic convergence for k = 7, using linear element shape functions, it

Table 1
L, errors for frequency k = 7 and element shape functions of degree D = 2
MGFEM LSFEM
E Error, Error,, E Error, Error,,
4 6.8733 x 1073 2.1627 x 1072 4 2.8559 x 1072 7.3353 x 1072
8 1.6875 x 1073 5.3187 x 1073 8 1.9874 x 1073 5.2604 x 1073
16 4.1993 x 10~4 1.3220 x 1073 16 1.2562 x 10~* 3.3820 x 1074

32 1.0485 x 10~ 3.2976 x 10~* 32 7.9434 x 1070 2.1713 x 1073
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Fig. 2. Rate of convergence for frequency k = 10 and element shape functions of degree D = 2.

Table 2

L errors for frequency & = 10 and element shape functions of degree D = 2

MGFEM LSFEM

E Error, Error,, E Error, Error,,

80 1.4562 x 10~ 1.5731 x 1073 80 1.1708 x 103 1.1166 x 1072
160 3.6398 x 1073 3.9316 x 1074 160 7.4595 x 1073 7.1265 x 1074
320 9.0988 x 10~¢ 9.8280 x 1073 320 4.6821 x 1076 4.4769 x 107
640 2.2746 x 10~® 2.4569 x 1077 640 2.8552 x 1077 2.7303 x 107°
Table 3
Order of convergence of MGFEM for k = 10, 20, ..., 90 with element shape functions of degree D = 5

k

10 20 30 40 50 60 70 80 90
u-Slope 6.095 6.028 6.069 6.090 6.057 6.08 6.004 6.118 6.146
w-Slope 6.106 6.024 6.065 6.093 6.056 6.072 5.999 6.119 6.142

was necessary to start at least with £ = 50 elements (51 nodes). In the course of this research (see Table 1), we find
that an order of convergence » = 4 for k = m, using element shape functions of degree D = 2, can be achieved if we
start with only four elements (nine nodes).

Similar results are shown for frequency k£ = 10 and Lagrangian element shape functions of degree D = 2, in Table
2 and Fig. 2. Itis found that LSFEM maintains a rate of convergence » = 4 in both variables. However, in order to attain
this order of convergence it is necessary to start with an initial number of elements £ = 80 (161 nodes). These results

giltjiljrtf convergence of LSFEM for k = 10, 20, .. ., 90 with element shape functions of degree D = 5

k

10 20 30 40 50 60 70 80 90
u-Slope 7.537 7.922 7.828 7.844 7.859 7.845 7.831 7.804 7.769

w-Slope 7.980 8.1382 7.898 8.061 7.967 7.904 7.870 7.831 7.781




C.E. Cadenas et al. / Mathematics and Computers in Simulation 73 (2006) 76-86

30 30 30
: KRk * U ) L
s M =y 6 W e —~ o w
= 0] = A =
L * U z 7 £ ’ .
£ 10 o w T 10 £ 10
k=10 k=20 k=30
0 0 0
5 55 6 6.5 5 5.5 6 6.5 5 5.5 6 6.5
~In(h) =In(h) =In(h)
30 30 30
* U * U * u
O w — O w O w
= 20 M S 20 M =20
o : e E ' 2 i
é c o .,“&-’, 5 E,’ 7 o
£ 10 < 10 £ 10
k=40 Kk =50 k =60
0 0 0
5 5.5 6 6.5 5 55 6 6.5 5 .5 6
=In(h) —In(h) —In(h)
30 30 30
* u * U * U
o k=70 - o w k=80 O w k=90
5 20 S 20 5 20
= 5 =
-9.)— o ‘E‘ */M 3 ’
e ﬁ o erleeo®®] Fuo ’
& .
0 0 0
5 5.5 6 6.5 5 5.5 5 6.5 5 5.5 6 6.5
—In(h) =In(h) —In(h)

Fig. 3. Computed rates of convergence of MGFEM for k = 10, 20, ..., 90 with element shape functions of degree D = 5.
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Fig. 4. Computed rates of convergence of LSFEM for k = 10, 20, ..., 90 with element shape functions of degree D = 5.
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Table 5
Efficiency comparison between LSFEM and MGFEM for k = 10 and D =5
Method Nodes Error, Error,, CPU time (s)
Error, < 107°
MGFEM 970 9.902 x 1077 1.0695 x 1072 20.54
LSFEM 480 9.314 x 1077 8.9069 x 10~°¢ 26.04
Error, < 1077
MGFEM 3100 9.6947 x 1078 1.0471 x 10~ 66.49
LSFEM 850 7.3814 x 1078 7.0321 x 1077 45.55

follow a pattern observed in [3] for piecewise linear bases. There, to obtain quadratic convergence for k = 9, a greater
number of elements than those used in a previous experiment, for k = m, were needed. In fact, a range of elements
between 500 and 800 were required. On the other hand, MGFEM did not require as many number of elements to reach
the same quadratic order of convergence. In the current experiment, MGFEM also reaches its rate of convergence with
much less elements than LSFEM. However in this case (D = 2), MGFEM is only of order r = 2, while LSFEM is of
order r = 4 in both variables.

The ability to accurately approximate the physical variables at high frequencies is a desired property of any numerical
method applied to scattering phenomena. In the next experiments, we compare the performance of MGFEM and LSFEM
for relatively high frequencies using high degree (D = 5) element shape functions. Actually, for a range of frequencies
k = 10-90, the rate of convergence of MGFEM is exhibited in Fig. 3 and Table 3. In these experiments, the initial
number of elements used is £ = 40 (201 nodes) and they are increased by 51 nodes per step, up to 651 nodes. Using
this range of elements, the MGFEM achieves a rate of convergence about » = 6 for both variables, even for frequencies
as high as k = 90.

Analogous experiments are performed for LSFEM, the results are shown in Fig. 4 and Table 4. In this case, we
need to adjust the number of elements depending on the frequencies (see Fig. 4). For all values of frequencies in the
range k = 10-90, the order of convergence is about » = 8§ for element shape functions of degree D = 5. Therefore,
the convergence rate of LSFEM is also higher than the convergence rate of MGFEM for D = 5.

6. Conclusions

In this work, we have found that the approximation of the solution of the scattering problem modelled by the BVP
(8)—(10) using LSFEM is possible at low computational cost, even for relatively high frequencies. This conclusion
constitutes an important improvement over the results presented in [3]. There, it was found that the application of
LSFEM using a piecewise linear basis for moderately high frequencies (e.g. k = 30) would require an enormous
number of elements. In fact, it was estimated that the number of elements per wavelength required was approximately
5mk?, for a given frequency k. As a result, the amount of computation, and consequently, the CPU time employed
by LSFEM was much greater than the time used by MGFEM to solve the problem for the same frequency. The
final conclusion in [3] was that MGFEM had a clear advantage over LSFEM to solve the wave scattering BVP
(8)—(10) for relatively high frequencies. Here, we have found that by increasing the degree of the element shape
functions in the range D = 2-5, the approximation of the primary and the secondary variables using LSFEM
is possible at low computational cost. Actually, the number of elements needed to obtain a good approximation
dramatically decreases. Thus, CPU time is no longer a disadvantage in the application of LSFEM to scattering
problems.

All our numerical tests show that by applying both LSFEM and MGFEM to the scattering problem defined by Egs.
(8)—(10) yield an order of convergence that agrees with the theoretical L-estimates of the error [6]; the theoretical error
estimate is an order higher than the degree of the element shape polynomials. Moreover, in most of the experiments
of the previous section, the LSFEM rate of convergence was greater than the theoretical estimates, and also higher
than the MGFEM rate of convergence. For example, Fig. 2 reveals that MGFEM approximation is more precise than
LSFEM for a small number of elements. However, as the number of elements is increased, LSFEM approximation is
more accurate. This is a a consequence of the higher rate of convergence of LSFEM. In Table 5, the computational
cost of each method to attain a specific precision is compared. The second half of the table shows how LSFEM reaches
a high predetermined precision in a shorter time, and, with fewer elements than MGFEM. Our final remark is that



86 C.E. Cadenas et al. / Mathematics and Computers in Simulation 73 (2006) 76-86

LSFEM is well suited for scattering problems at high frequencies (k = 10-90) if high degree element shape functions
(D = 2-5) are used. The extension of this study to two and three-dimensional wave scattering problems is the subject
of a work that will be presented in a forthcoming paper.
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Abstract

Recent investigations have led to a method based on matrix analysis for the construction of high order discrete, fourth and higher
mimetic operators, divergence and gradient. These operators have the same order of accuracy in the interior as well as at the boundary
on uniform grids. This paper extends the method to non-uniform staggered grids. Here we present this extension on second-order
operators although the method works for any order of accuracy. In addition, the boundary operator that allows the operators to
satisfy a discrete analog of the divergence theorem is constructed.
© 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Mimetic discretization methods are difference discretizations that retain the symmetry properties of the continuum
operators. Approximately two decades ago, the support-operators method was developed by Samarskii et al. (see Refs.
[10,11]). This method constructs the discrete operators by requiring that these operators satisfy a discrete analog of
Green’s Theorem [12]. For a summary of methods related with the construction of mimetic discrete operators, see
Refs. [5-8], as well as some of their applications [9,13], consult http://cnls.lanl.gov/ shashkov. Recently, Castillo and
Grone in Ref. [3] describe a method to construct mimetic discretizations which are high-order approximations of the
divergence and gradient operators on uniform grids in 1D. In this article, the Castillo-Grone method, which is based
on matrix analysis, is extended to construct mimetic discrete operators on non-uniform, one-dimensional staggered
grids. This is achieved through the introduction of a basis function family, which will lead to a new way of finding the
Vandermonde matrices that are used to obtain the discrete gradient and divergence operators.

This paper will discuss how to determine these Vandermonde, matrices, obtaining a different way of calculating
the operators presented in the Castillo-Grone paper [3]. Then the formulas are generalized to non-uniform grids and
the method is illustrated by presenting the second-order operators. This method can be used to find mimetic discrete
operators for any order.

In Section 2 we present a short introduction to the methodology of Castillo and Grone. Similarly, in Section 3, we
describe the new test functions to obtain the Vandermonde matrices for the discrete divergence and gradient operator.

* Corresponding author.
E-mail addresses: omontila@uc.edu.ve (O. Montilla), ccadenas @uc.edu.ve (C. Cadenas), castillo@myth.sdsu.edu (J. Castillo).

0378-4754/$32.00 © 2006 IMACS. Published by Elsevier B.V. All rights reserved.
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Then, in Section 4, the discrete operators, divergence and gradient, in non-uniform grids are calculated using the
Vandermonde matrices obtained in Section 3 and the methodology described in Section 2. In addition, the boundary
operators satisfying the integration by parts formula are determined. Finally, in Section 5, some conclusions about the
results of this work are presented.

2. Preliminaries

Let the domain of variable x be the interval x; < x < xy41. We split this interval into N + 1 nodes to generate a
non-uniform grid with N cells. We identify the nodes by x;,i = 1, ..., N + 1 and cells by x;1(1,2), which is the midpoint
between x; and x;41. On this staggered grid, two functions for discrete arguments are defined, the first one is a nodal
discretization, where the values of the function correspond to the nodes, the second type of function is cell-valued
discretization, where the values of the function correspond to the cells. In Fig. 1, we show the non-uniform staggered
grid and grid functions, v and f, which are nodal and cell-valued functions, respectively. The method developed by
Castillo and Grone constructs the discrete operators by solving the following system of linear equations:

Ma=r, (1

where M is a block matrix, with Vandermonde matrices and identities matrices as its entries, a the vector of unknown
variables, and r is a vector that is determined by the mimetic conditions. The vector of unknown variables a leads to k
order mimetic differential operators (for details see Ref. [3]).

The procedure to costruct a mimetic operator of high order starts with a mimetic operator that is high order in the
interior but not at the boundaries [3]. This operator, represented by the matrix S, is easily constructed via Lagrange
interpolation [5]. This matrix is then modified by replacing the upper left corner by a matrix A formed with the entries
of the vector a, i.e., the solution to the systems of equations just mentioned. We can summarize the desired properties
of our mimetic matrix as follow:

S has zero row sums. Equivalently, Se = 0 where e = (1, 1, ..., 1),

S has column sums —1, 0, ..., 0, 1. Equivalently, ¢'S = (-1, 0,0, ...,0, 1),

S is banded (we let b denote the bandwith of S),

S has a “Toeplitz” type structure on the interior rows, and is defined independently of N, the number of grid points,
S is centro-skew-symmetric.

3. Test functions and Vandermonde matrices

In the following sections, a formula is found to compute the Vandermonde matrices that will form the systems of
linear equations that need to be solved in order to construct mimetic divergence and gradient operators. These formulas
are different from those given by Castillo-Grone [3]. The key to obtaining such results relies on choosing appropriate
test functions v and f. First of all, we must assume functions v and f are discretizable on nodes and cells, respectively.
On a staggered grid, given a continuous function in 1D, it is possible to find for f’, the derivative of f, two discrete
operators: divergence and gradient.

3.1. Vandermonde matrices for divergence operators

To obtain the mathematical expression of the Vandermonde matrices for the divergence operator, the procedure
presented in Ref. [2] is used in a general manner. First, the v function is selected in the nodal function space, and the
divergence operator is calculated in cells near the left boundary and is expressed as a linear combination of v in the
nodes:

3k/2
(DaW)irqy = Zaijvj =v'(xirap); i=1,2.. .k, (2
j=1
where D, is the divergence operator, which acts in the boundary points, v; = v(x ;) and the Castillo-Grone methodology
demands that if D is kth order then A is k x %
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The matrix form is

(D(v))3/2
(D(v))s)2 a a2 e A13k/2) Vi
az] az - A(3k/2) \2)
. = : Do : : . 3)
(D(¥))i+1/2)
Ak—1)1 Ak—1)2 ** * Ak—1)(3k/2) V(3k/2)—1
’ Akl ak2 ... Ak(3k/2) V3k/2
(DOV)k+(1/2)

The objective is to obtain approximations of order k to the derivative, i.e., approximations that are exact for every
polynomial of degree less than or equal to k but not to k + 1. For this, without loss of generality, the following
polynomials are selected:

Vin(x) = (x — xiy12)", wheren =0,1,... k. 4

Now, the evaluation of Eq. (4) in Eq. (2) is presented for each n.
If n =0, v;o(x) =1, and vgyo(x) =0, then

3k/2 3k/2
Voisa2) =0= > aijv;=0=Y a;=0; i=12..k (5)
j=1 j=1

This equation represents the condition of row sums [3].
Ifn=1,v1(x) =x—xiyqy2; i=12,... k, then vg,l(x) =1.
Using the analogous procedure for n = 0, we have

3k/2 3k/2
v;’l(x,'_;,_(l/z)): 1 = Zaijv./: 1 :Zaij(Xj—xi+(1/2))= 1; i = 1,2,...,k. (6)
j=1 j=1

Similarly for n > 2, we get

3k/2

(Da™)iry2 = Zaij(xj —xita)' =0, i=1,2,... k. (7
=1

Using the Kronecker’s delta, Eqs. (5)—(7) are expressed as follows:

3k/2
> aijej = xipap) =8 i=1,2,... kandn=0,1,2,... Kk (8)
j=1
1, ifn=1
where 81, =

0, otherwise
Therefore the Vandermonde matrix V; is

Vi=V(k; X1 — Xit1/2), X2 — Xig(1/2)s - - > X3k/2 — Xigx(12)); i=1,2,...,k, 9)
where
1---1
X1 - X
Vik;x1,...,x5) = : - (10)
X x

_xl el X
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In the cases of uniform grids x; = ik and x;4(1/2) = W, Eq. (8) is transformed in the following equation:
3k/2 on
Zaij(2i+1—2j):—h—n§1n. (11)
j=1

Since %81,, = 0, Vn # 1, then Eq. (11) can be written as
3k/2
D aQi+1-2j)"'=—61,; i=1,2,... kandn=0,1,2,... k. (12)
j=1

From this equation, the Vandermonde matrices for the uniform case are obtained:
Vi=V(k;1,—-1,-3,...,3 = 3k), Vo =V(k;3,1,—1,...,5—3k),
V3 =V(k;5,3,1,...,7=3k), ... Vi, = V(k;2k — 1,2k =3, ..., 1 = k), (13)

where k Vandermonde matrices are necessary to construct the M matrix [3]. We can write the above matrices in a
compact form:

Vi=Vk;2i—1,2i—3,...,2i+1=3k); i=1,2,..., k. (14)

This result is identical to the one obtained in Ref. [3] for k = 4.
Starting from the right side of Eq. (12), the vector r = (ccc---d) in Eq. (1) is obtained, where ¢ =
t
(0, —%, o,..., O) andd =(—1,0,0,...,0,0) R3%/2 are set to satisfy the column sums condition [3]. This com-
pletes the system of Eq. (1) as promised.

3.2. Vandermonde matrices for gradient operator

The construction of the gradient operator follows the one for the divergence operator, but the first one is a nodal
grid function while the second one is a cell-valued grid function. That is to say, the respective domains are the center
cell and boundary nodes of the grid. Due to this difference, we assume an extended cell-valued discretization on a
staggered non-uniform grid, to incorporate boundary nodes to the vector f, and obtain the vector f.

Now, if A is a matrix whose dimensions are k x %, the gradient operator on i node can be written as a linear

combination of function elements, f = {f1.832, .. .}1:

3k/2

(g(f)), = ailfl + Z a,:/fj_(l/z), I = l, 2, ey k. (15)
j=2

We propose the family of test functions for the discrete gradient operator:

fin(x) =(x—x)", wheren =0,1,... k. (16)
In the same way as with the divergence test functions (8), we obtain the formula to calculate:
3k/2
G0)i = air(x1 — x)" + Zaij(xj—(l/Z) —x)' =081 i=1,2,...k 17
j=2

where n is valued between 0 and k. The right side of the equation referred before as Kronecker’s delta, is only not zero
forn =1.
In uniform grids, Eq. (17) takes the form:
3k/2 _5
G =2"an(i — 1" + > a;j2i+1—2j)" = s (18)
Jj=2
wherei =1,2,...,kandn=0,1,2,..., k.
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This equation is similar to Eq. (8); both possess the same right side and summations only differing in the first term.
This indicates that the vector ¢, that is part of r has the same structure for the divergence operator as for the gradient
operator. This is not zero if and only if n = 1.

Therefore from Eq. (17) we can obtain the elements of the Vandermonde matrix V;. These elements are as follows:

Vi=V(kixi —xi, X320 = Xiy ..., X@k—1)2 — %)y i=1,2,... k (19)
Using the same procedure as for the divergence operator on uniform grids and Eq. (18), we obtain
Vi=V(k;2i —2,2i —3,2i—5,...,2i+1=3k); i=1,2,...,k. (20)

Here each one of these matrices has % entries.
The explicit form of these k matrices are:

Vi =Vk;0,—1,-3,-5,...,3=3k), Vo=V(k2,1,—1,...,5=3k),
Vs =Vk;4,3,1,...,7=3k), ... Ve = V(k; 2k — 2,2k — 3,2k — 5,..., 1 — k). 1)

In the same way as for the construction of the divergence operator, we use these Vandermonde matrices to build M
that is part of the system (1) which will give us our gradient operator.

4. Second-order discrete operator on non-uniform grids

In this section, divergence and gradient mimetic operators on non-uniform staggered grids are presented. Using
the procedure described in Section 2 with the Vandermonde matrices obtained in Sections 3.1 and 3.2, the operators
of divergence and gradient for k = 2 are calculated. Also, the boundary operator that satisfies an equivalent discrete
integration by parts formula is obtained.

4.1. Mimetic divergence

Rows of the divergence operator use the classic centered approximation of the derivative [12] of second-order, which

is
<dv) _ Vil — Ui 22)
dx i+(1/2) Xi+1 — Xi
Using (22) and Castillo-Grone methodology with k = 2, a discrete divergence operator is obtained; it is second-
order in inner nodes as in the boundary. In this case, the minimum number of cells is N = 5. So, the divergence

operator has five rows and six columns. Therefore, the mimetic canonical matrix for the divergence Sp on non-uniform
staggered grids is the following

1 1
— 0 0 0 0
X2 — X1 X2 — X1
1 1
0o - 0 0 0
X3 — X2 X3—X)
0 0 ! ! 0 0
Sp = X4 — X3 X4 — X3 : (23)
1 1
0 0 0 - 0
X5 — X4 X5 — X4

1 1

0 0 0 0 -

X6 — X5 Xg — X5

Let AA’ € R?*3 be the necessary matrices to calculate the divergence near the left and right boundaries, respectively,
so that at the end we have an operator with the same order of accuracy in the interior as well as at the boundary. Let
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the divergence operator D(A, A) be

ai a2 ais 0 0 0
a axp a3 0 0 o0
1 1
DA, A = 0 0 — 0 O 24)
X4 — X3 X4 — X3
0 0 0 ay,  dy, ds
00 0 dy  dy ay

For k = 2, two Vandermonde matrices are needed to form the matrix (M), and these are obtained from the coefficients
of the formula (9). These matrices are

Vi =V(2;x1 —x3/2, X2 — x3/2, X3 — x3;2) and Vo = V(2;x1 — X5/2, X2 — X5/2, X3 — X5/2).

Using the methodology presented in the preliminaries section and substituting the middle points by x3,2 = #
and x5y = XZJZF“, we have

1 1 1 0 0 0
n_®moom_oxm o ox_n 0 0 0

2 2 2 2 2 2

2 2 2

FEYe-3- o o

2 2 2 2 2 2
0 0 0 1 1 1

M= 0 0 0 x| — 2.8 2 _ 8 B_x )

o0 P YEYEY
2 2 2 2 2 2

1 0 0 1 0

0 1 0 0

0 0 1 0 0

andr=(010010—101)". The system Ma = r is not compatible, so rows two and five are eliminated to form a
new linear system of equations and the solution A to the new system Mya = t is

X -110
A= .
(0 —11)

This solution is the same as the one for the uniform case [3]. It is clear that & vector has elements of A. Now we
calculate A and subsequently O, obtaining

A X2 — X X2 — X 0
A= 2 1 , _ 2 1 ,
X3 — X2 0 x3—x

where A matrix has diagonal elements of the weight matrix O, which is the upper left block matrix of Q. Then we
calculate A = AQ‘I. The result is

0

—1
X2 — X1

0

1

X2 — X1
-1

X3 — X2

0
1

X3 —Xp

The A matrix necessary to modify the canonical matrix, Sp (23), has the elements eliminated, i.e., D(A, A") = Sp.
If a uniform grid is used, this matrix is the same obtained by Castillo and Yasuda in Ref. [4].
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The same procedure utilized for calculating the divergence operator works for the gradient operator. For a non-
uniform staggered grid with N = 5, the gradient operator has six rows and seven columns. This is because the boundary
is incorporated. The canonical matrix Sg is constructed utilizing the approximation of order one in the inner nodes as
in the boundary. This canonical matrix is

0 0
1

X5/2 — X372 X5/2 — X3)2

-2 2
X3/2 — X1 X3/2 — X1

—1

0

0 0

0 0

0 0

0 0

—1 1

X7/2 — X5/2 X7/2 — X5)2

—1
0

X9/2 — X7/2 X9/2 — X7/2

0 0

The substitution of matrices A and A’ in Sg leads to the matrix G(A):

G(A) =

ail a2
azy a2

0

0

0

0

as 0 0
a3 0 0

-1 1

0
X7/2 — X5/2 X7/2 — X5)2
—1 1
0
X9/2 — X7/2 X972 — X7/2
0 0 aj,
0 0 ),

The Vandermonde matrices (19) necessary to generate M are

Vi =V(2;0,x3/2 — x1, X5/2 — X1),

0 0 0
0 0 0
0 0 0
1
0 0
—1 1
0
X5 —X9/2 X5 — X9/
-2 2
0
X6 — X11/2 X6 — X112
0 O
0 O
0 0
0 O
dyy di;
db, dh
22 %23

The linear system has the following matrix of coefficients M:

(2x1 = 2x32)% (—=x372 + x1)? (X572 — 2x32 + X1)?

1 1 1 0 0

0 X3/2 — X1 X5/2 — X1 0 0

0 (x3/2 — x1)? (x5/2 — x1)? 0 0

0 0 0 1 1

0 0 0 2x1 — 2X3/2 —Xx3/2 + X1
0 0 0

1 0 0 1 0

0 1 0 0

0 0 1 0 0

Vo = V(2;x1 — x2, X372 — X2, X5/2 — X2)

oS o O

1
X520 — 2x3/2 + X1

0
0
1

Here the expression x; = 2x3,2 — x1 is used and r is the same as the one for the divergence:

r=(010010-101).

(25)

(26)
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As the system is incompatible, rows two and five of M are eliminated and the solution to the new system is:

xix3/2 — 6x% — 4x%/2 — 3x5/2%3/2 + x§/2 + X5/2X1

an = ;
4()%/2 - 2)C1x3/2 +x12)
3 2 2 3 2 2
apy = L2 +X55%1 = Sxs5/2x7 + 307 — 4x5)x3/2 + 8x50X1x3/2 — 4x7x3)2 ay = 52+ 4x3/2 — 3x
4()6%/2 —2x1x3/2 + x7)(—X5/2 + X3/2) ’ 4(—x5/2 + x3/2)
—3x1x3/2 + 3x5/2X3/2 — X35 — X5/2%1 + 2x]
ay = s
4(x%/2 —2x1x3/2 + x%)
i = —X3j = X3 p%1 + 5x5007 — 3x7 + 4x3 5030 — Basjpxiayn + dafas e = 52 = x1)

4(X%/2 —2x1x3/2 + x7)(—X5/2 + X3/2) T d(—xsp +x3p)

To calculate the diagonal matrix A, and consequentially P, we construct the subsystem My#, where My, is the
matrix constructed with the rows deleted from M, and a is the vector which elements are the components of A.P is
calculated similarly to Q and for this case is the following:

(=x5,2 + x1)(x5/2 — 4x3/2 + 3x1)

0
. 4(x3/2 — x1)
P= )
0 (—xs5/2 +x1)
4(x3/2 — x1)
Therefore, the matrix A is
X372 + x50 — 2x1 —X5/2 + X1 _ X3/2 — X1
A (x32 = x1)(—=xsp2 +x1) (—x5/2 +x3/2)(x3/2 — x1)  (—x5/2 + x3/2)(—X5/2 + X1)
—2x1 +3x3/2 — X512 —x5/2 +4x3/2 — 3x1 3(x3/2 — x1)

_(X3/2 —x)(—=xsp2 +x1) (—xs572 +x3/2)(x3/2 — x1)  (—x5/2 + x3/2)(—X5/2 + X1)

Substituting this result in Eq. (26), we have the discrete gradient operator G of second-order on the boundary and
first-order on inner nodes:

2x) — x50 — X3 X5/2 = X] —x3/2 + X1 o 0 o
(372 —x)xsy2 —x1) (x50 —x3/2)(x372 —x1) (x50 — x3/2)(xs5/2 — x1)
—2x1 +3x3/2 — X5)2 X5/2 —4x3/2 +3x 3x3/2 — 3x) o o o
(x372 —x)(xspp —xp) (x50 — x3/2)(x372 —x1)  (X5/2 — x3/2)(x5/2 — X1)
-1 1
0 0 0 0 0
X7/2 = X5/2 X7/2 = X5/2
-1 1
0 0 0 0 0
X9/2 — X772 X9/2 —X7/2
0 o o 3(x11/2 — X6) x9/2 — 4x11/2 + 3x¢6 —2x6 + 3X11/2 — X9/2
(x9/2 — x11/2)(x972 — X6) (X972 — x11/2)(X9/2 — X6)  (x1172 — X6)(X9/2 — X6)
—x +x X9/2 — X, 2x6 — X — X
0 o 0 1172 + %6 9/2 — X6 6 — X11/2 — X9/2

(x93 = x1172)(x972 — X6) (X972 — x11/2)(x11/2 — X6)  (X11/2 — X6)(X9/2 — X6)

27
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If x1 = 0;x320 = %;x5/2 = 3%;x7/2 = 5%;x9/2 = 7%;x5 = 4h, i.e., using a uniform staggered grid, then

(28)

S| =

3
0
0
0 0 0 —-11
0
0

This operator is presented by Castillo and Yasuda in Ref. [4], which is second-order everywhere.

4.2.1. Boundary operator
Usually laws of discrete conservation can be expressed in terms of the usual inner product through the equation:

D), ) + (G (v), ) = Bv, ). (29)

The right side of this equation contains a matrix B, which is the boundary operator. This operator has dimensions
(N +2) x (N + 1), for the method of support operators. Its form is quite elementary [4], because the first element is
—1, the last 1, and all others are null. This is a natural form of B for mimetic discretization since this guarantees that
the discrete divergence theorem is satisfied. That is to say, B picks up the requirements of global conservation law.

However, as was demonstrated in Ref. [3], if the order of our discrete differential operator is larger than two, it is
impossible to obtain a mimetic operator, with the same order of accuracy up to the boundaries, with the standard inner
product. So, it is necessary to introduce a generalized inner product (or weighted inner product). If we use definitions
given by Castillo and Grone in Ref. [3], we have the following discrete version of the generalized divergence theorem:

(D), D)o + (G'(v), Dp = By, ). (30)

Here, D is the discrete divergence operator extended with two null rows, first and last, and B is determined by our
discrete analog of the divergence theorem with the weighted inner product. Regrettably, it does not take an elementary
form as the one for the usual inner product.This matrix is centro-skew-symmetric in structure [1].

From Eq. (30) we can determine B by using the following expression directly:

B=0D+dP (1)

As we said before, the matrix representing the divergence operator was increased in two rows of zeros (first and
last), to make the matrices of the same dimension. The same is done with the weight matrix Q; in this case ones are
added in the diagonal. Let us remember that the gradient operator has dimensions (N + 1) x (N + 2), the divergence
operator with two rows more D has dimensions (N +2) x (N + 1). Itis clear that P and Q are centro-symmetric and
positive defined matrices. Here we present the extended mimetic divergence operator on non-uniform grids:

0 0 0 0 0 0
—1 1
0 0 0 0
X2 — X1 X2 — X1
-1 1
0 0 0 0
X3 — X2 X3 — X2

A —1 1

D= 0 0 0 0
X4 — X3 X4 — X3
—1 1
0 0 0 0
X5 — X4 X5 — X4

—1 1

0 0 0 0

X6 — X5 X — X5
0 0 0 0 0 0
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The weight matrix Q can be expressed with parameters ¢ and 7 in the first and last element, respectively, in such a
way that if we want to obtain a uniform Q, we should take both equally

t(x32 — x1) 0 0 0 0 0 0
0 X2 — X1 0 0 0 0 0
0 0 x3—x O 0 0 0
0= 0 0 0 x4—x3 O 0 0
0 0 0 0 xs—x4 O 0
0 0 0 0 0  x¢— x5 0
0 0 0 0 0 0 T(xg — x112)
The weight matrix P for the discrete gradient operator is
(=xs5/2 + x1)(x5/2 — 4x3/2 + 3x1) 0 0 0 0 0
4(x32 — x1)
_ 2
0 % 0 0 0 0
pP— 0 X772 — X5/2 0 0
0 0 X9/2 — X7/2 0
0 0 0 0 M 0
4(x11/2 — X6)
0 0 0 0 0 (—x9/2 + X6)(x9/2 — 4x112 + 3x6)

4(x1172 — Xe)

Calculations give us finally the matrix B for non-uniform grids. Subsequently, we exhibit the form of the non-null
elements for this matrix:

b11b1200 0 O
b1 b 00 0 O
b31 300 0 O

B= 0 0000 O (32)
0 0 00 bss bsg
0 0 00 bes bgg
0 0 00 bys brg
namely:
biy = (xsy2 — 4x32 + 3x1)(—2x1 + Xx5/2 + X3/2) biy = (—xs5/2 + x1)(2x1 — 3x3/2 + X5/2)
4(x3/2 — x1)? ' 4(x3/2 — x1)? '
byt = 4x5/2x§/2 — x5/2x% — 4)c§/2 + lexg/z — 8x3/2x% + xg/z + xg/le — 4x3/2x§/2 + 3x?
4(—x5/2 + x3/2)(x3/2 — X1)? '
by — 4x5/2x%/2 — X5/2x% — 4x§/2 + 8x1x%/2 — 8)@/2)6% + xg/z + xg/le — 4x3/2x§/2 + 3x?
4(xs/2 — x3/2)(x3/2 — x1)? '
by — X572 —4x3/2 + 3x1 o = X572 —4x3/2 + 3x bss = —x9,2 + 4x11/2 — 3x6
A(xs;p —x32) A—xs52 4+ x32) 4(—x9/2 + x11/2)
b x9/2 — 4x11/2 + 3x6
56 = ,
4(—x9/2 + x11/2)
bes — —4X9/2x%1/2 + X9/2x% + 4x?1/2 — 8)(6)6%1/2 + 8x11/2x% + 4x3/2x11/2 — x5/2x6 — xg/z — 3)6(35

4(xg/2 — x112)(x11/2 — X6)?
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Gf Gf Gf
V v v
0 172 I 32 2 5/2

Fig. 1. Staggered grid.

—4X9/2X%1/2 + X9/2X§ + 4X%1/2 — 8x6x11/22 + 8x11/2x62 + 4X9/22)C11/2 - X9/22)C6 - )69/23 — 3x¢°

bes =

)

4(—x9/2 4+ x11/2)(X11/2 — X6)?

_ (=x9/2 + x6)(—2x6 + 3x11/2 — X9/2)

_ (=x9y2 +4x11/2 — 3x6)(—=2X6 + X11/2 + X9/2)
4(x11/2 — x6)? - .

b7s
4(x11/2 — X6)?

, b1s

We can see that this matrix is centro-skew-symmetric. In accordance with our discretizations, this matrix has
dimensions N + 2 by N + 1.

If we want to compute the respective boundary operator for uniform grids, we should only make appropriate
substitutions in the operator above. In this case the obtained B operator coincides with the one presented in Ref. [4].

5. Conclusions

Using matrix analysis we have characterized the problem of constructing second-order approximations of the
derivative on non-uniform staggered grids that satisfy a global conservation law. Formulas that generate Vandermonde
matrices on non-uniform and uniform grids are obtained. This allows us to construct high order approximations for the
divergence and gradient on uniform and non-uniform staggered grids in 1D. Contrary to the case of uniform grids, in
the case of non-uniform grids, the system of equations for the divergence becomes incompatible. We have calculated
the boundary operator B, which is needed to satisfy our global conservation law. These results were obtained, using
our proposed test functions for divergence and gradient operators. They provide formulas that give the entries of the
Vandermonde matrices. These matrices play a decisive part in constructing the needed system of equations because they
are fundamental in the structuring of the coefficients matrix M. Formulas that we have obtained are general because
we can use these on uniform grids, smooth non-uniform, and non-smooth, non-uniform grids. In this case, the discrete
mimetic divergence operator is second-order everywhere and the discrete mimetic gradient operator is second-order
on boundary nodes and first-order on inner nodes.
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